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Abstract
The Glauber theory description of particle- and nucleus-crystal Coulomb interactions
at high-energy is developed. The allowance for the lattice thermal vibrations is shown to
produce strong absorption effect which is of prime importance for quantitative understanding
of the coherent Coulomb excitation of ultra-relativistic particles and nuclei passing through
the crystal.
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In this communication we discuss the origin and estimate the strength of the absorption
effect in coherent particle- and nucleus-crystal Coulomb interactions at high-energy.
Generally, the multi-loop corrections generate the imaginary part of the scattering am-
plitude even if the tree-level amplitude is purely real. For example, the purely real Born
amplitude of the high-energy Coulomb scattering in crystal acquires the imaginary part due
to the multiple scattering (MS) effects. However, in the widely used static/frozen lattice
approximation (SL approximation) the account of rescatterings alters only the overall real
phase of the full amplitude thus producing no absorption effect. The latter is related to the
creation and annihilation of excited intermediate states of crystal and as such manifests itself
only beyond the SL approximation. With the allowance for the lattice thermal vibrations
the Coulomb phase shift function gets non-vanishing imaginary part which is interpreted
as an absorption effect. The account of the lattice thermal vibrations provides a natural
ultra-violet regulator of the theory and, as we shall see, enables quantitative understanding
of the phenomenon of the coherent Coulomb excitation of relativistic particles and nuclei
passing through the crystal. The latter is the goal we pursue in this communication.
We start with the well known example of the coherent Coulomb elastic scattering of
charged particle (charge Z1) by a linear chain of N identical atoms in a crystal target.
The interatomic distances in crystal, a, are large, compared to the Thomas-Fermi screening
radius r0, a ∼ 3 − 5A˚ ≫ r0 = rBZ−1/32 ∼ 0.1A˚, where Z2 is the atomic number of the
target atom and rB is the Bohr radius [2]. The relevant impact parameters, b, satisfy the
condition b ≪ a and the amplitudes of scattering by different atomic chains parallel to a
given crystallographic axis are incoherent.
The amplitude of small-angle elastic scattering in the eikonal approximation [1] can be
represented in the following form
F (q) = ip
∫
bdbJ0(qb)
{
1− 〈exp[iχ(µb)]〉N
}
. (1)
where q is the 2D-vector of the momentum transfer and the incident particle momentum p
is assumed to be large enough to satisfy the condition of applicability of the straight paths
approximation, p/q2 ≫ aN . The latter condition insures the coherence of interactions with
different atoms. In eq.(1) the screened Coulomb phase shift function is
χ(µb) = −βK0(µb), (2)
with β = 2αZ1Z2 and µ = r
−1
0 . Hereafter, J0,1(x) and K0,1(x) are the Bessel functions. The
brackets 〈 〉 signify that an average is to be taken over all configurations of atoms in the
ground state of crystal. We neglect all position correlations of the atoms and describe the
ground state of crystal by the wave function |Ψ〉 ∝ ∏Nj=1 |ψj〉.
After the azimuthal integration the term 〈exp(iχ)〉 takes the form
〈exp(iχ)〉 =
∫
d2sρ(s) exp[iχ(µ|b− s|)]
= exp(−Ω2b2)
∫
dx exp(−x)
×I0(2bΩ
√
x) exp
[
−iβK0(µ
√
x/Ω)
]
. (3)
The 2D-vector s, describes the position of the target atom in the impact parameter plane.
The one-particle probability distribution ρ(s) is as follows
ρ(s) =
∫
dz|ψ(s, z)|2 = (Ω2/pi) exp
(
−Ω2s2
)
. (4)
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For the most commonly studied elements at room temperature the ratio µ/Ω varies in a
wide range, from µ/Ω ∼ 0.1 to µ/Ω ∼ 1 [2]. Consider first the region of small impact
parameters. For b≪ 1/2Ω only small s, such that µs ∼< 1, contribute. One can put then in
eq.(3) K0(µs) ≃ log(1/µs) and integrate over s. The result is
〈exp(iχ)〉 =
(
µ
Ω
)iβ
Γ
(
1 +
iβ
2
)
Φ
(
−iβ
2
; 1;−Ω2b2
)
. (5)
In eq.(5) Φ(a, b; z) is the confluent hyper-geometric function. From (5) it follows, in partic-
ular, that
|〈exp(iχ)〉|b=0 =
[
piβ
2 sinh(piβ/2)
]1/2
. (6)
and in the weak coupling regime, β ≪ 1,
|〈exp(iχ)〉|b=0 ≃ 1−
pi2β2
48
, (7)
while for β ∼> 1
|〈exp(iχ)〉|b=0 ≃
√
piβ exp
(
−piβ
4
)
. (8)
Therefore, at small impact parameters, b ∼< Ω−1, the intensity of outgoing nuclear waves as
a function of N exhibits the exponential attenuation.
The absorption effect becomes weaker toward the region of large impact parameters
b ∼> 1/2Ω,
|〈exp(iχ)〉|N ≃ |〈exp(iχ)〉|Nb=0
×
[
1 +
Nβ2
16
(Ωb)4 + ...
]
. (9)
For still larger b, b ≫ 1/2Ω, making use of the asymptotic form I0(z) ≃ (2piz)−1/2 exp(z)
and the condition
ω =
dχ
db
= µβK1(µb)≪ Ω. (10)
yields
〈exp(iχ)〉 ≃ 2Ω
∫
sds√
pibs
exp[−Ω2(b− s)2] exp[iχ(µs)]
≃ exp(iχ) exp[−ω2/4Ω2]. (11)
From (11,5,1) it follows that the absorption is especially strong for impact parameters
3
b ∼< ba =
1
2µ
log
piµ2β2N
4Ω2
. (12)
For b ∼< ba the atomic chain acts like an opaque “black” disc. Certainly, the value of this
finding differs for different observables and for different processes proceeding at different
impact parameters.
Integrating once by parts reduces F (q) to the form convenient for evaluation of the total
cross section,
F (q) =
ipµN
q
∫
∞
0
bdbJ1(qb)〈iχ′ exp(iχ)〉〈exp(iχ)〉(N−1). (13)
At small q and largeN only large impact parameters, b≫ µ−1, may contribute to F (q). This
is the multiple scattering effect [1, 3] which gives rise to the dominance of ultra-peripheral
collisions in the coherent particle-crystal interactions. Then, for q ∼< q0 = µ/ξ and ξ ≫ 1,
the steepest descent from the saddle-point
b0 = µ
−1[ξ + ipi/2] (14)
in eq.(13) yields
F (q) ≃ ipb0
q
J1(qb0). (15)
The effect of lattice thermal vibrations at small q appears to be marginal and reduces to the
factor exp(µ2/4Ω2N) in (15) which is irrelevant in the region of large N where the amplitude
F (q) coincides with the elastic scattering amplitude given by the SL approximation [3].
If q ∼> q0 the stationary phase approximation gives the elastic scattering amplitude of
the form
F (q) ≃ −ip
√
η
µq
exp
(
−iqη
µ
)
exp
(
− q
2
4Ω2N
)
(16)
where η = log(µβN/q) ≫ 1. This is the lattice vibrations which provide a natural mo-
mentum cutoff and insure the convergence of the integral for the coherent elastic scattering
cross section,
σel =
pi
p2
∫
dq2|F (q)|2 ≈ piξ
2
µ2
∫ q2
0
0
dq2
q2
J21
(
qξ
µ
)
+
pi
µ2
∫
∞
q2
0
dq2
q2
log
(
µβN
q
)
exp
(
− q
2
2Ω2N
)
, (17)
which for ξ ≫ 1 is simply
σel ≈ pi
µ2
ξ2. (18)
From eq.(15) by means of the optical theorem we find the total cross section
4
σtot =
4pi
p
ImF (0) ≈ 2pi
µ2
ξ2. (19)
Consequently, at high-energy and for ξ ≫ 1, σel ≈ 12σtot.
Now let us turn to the process of the coherent Coulomb excitation of ultra-relativistic
particles and nuclei passing through the crystal. This way of the experimental study of rare
processes has been proposed in [4, 5, 6, 7, 8, 9, 10].
The ultra-relativistic projectile-nucleus (the mass number A, the charge Z1 and the four-
momentum p) moving along a crystal axis undergoes a correlated series of soft collisions
which give rise to diagonal (A → A, A∗ → A∗) and off-diagonal (A → A∗, A∗ → A)
transitions. In [9, 4, 5] it has been proposed to study the electric dipole transition in 19F ,
the excitation of the state |Jpi = 1/2−〉 from the ground state |1/2+〉. The phenomenological
matrix element of the transition 1/2+ → 1/2− is [14]
M = 1
2
du¯(p′)γ5 (qˆεˆ− εˆqˆ) u(p), (20)
where both u(p′) and u(p) are bispinors of initial and final states of the projectile, d is
the transition dipole moment and ε is the photon polarization vector. The transverse and
longitudinal components the 4-vector p− p′ are denoted by q and κ, respectively. In what
follows q = |q|. Because of large value of the life-time of the 110 KeV level 19F (1/2−)
[13] the decay of excited state inside the target crystal can be safely neglected. Due to the
smallness of the transition dipole moment, d ≃ 5 × 10−8 KeV−1, the excitation amplitude
is much smaller than the elastic Coulomb amplitude for all q up to q ∼ √4piαZ1/d and
can be considered as a perturbation [14]. Thus, the multi-channel problem reduces to the
one-channel one.
The high-energy helicity-flip Born amplitude of the transition 1/2+ → 1/2− in collision
of the projectile-nucleus with N bound atoms in crystal reads
FBex(q) = S(κ)
p
2pi
g(σq)
q2 + λ2
exp
(
− q
2
4Ω2
)
, (21)
where σ = (σ1, σ2, σ3) is the Pauli spin vector, {σi, σj} = 2δij and the amplitude we are
constructed is to be regarded as an operator which transforms the initial helicity state of
the projectile into its final state. In the denominator of eq.(21) λ2 = µ2+κ2. In the Glauber
approximation the longitudinal momentum transfer which determines the coherency length,
lc ∼ κ−1, reads [11]
κ =
M∆E
p
, (22)
where M is the mass of projectile and ∆E is the excitation energy 2.
The structure factor of crystal S(κ) to the first order in g is
S(κ) = exp
[
− κ
2
4Ω2
]
sin(κNa/2)
sin(κa/2)
. (23)
2The Fresnel corrections to geometrical optics which are neglected here become important for large N or
large q diminishing the coherency length and bringing about an additional suppression of coherent processes
[12].
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If the projectile momentum satisfies the resonance condition [4, 5, 9, 7]
M∆E
p
=
2pin
a
, n = 0, 1, 2... (24)
S(κ) ∼ N . Then, to the first order in g (Born approximation) the cross section of the
coherent excitation of the projectile in scattering on a chain of N atoms in crystal is
σBex =
pi
p2
∫
dq2|FBex(q)|2 ∝
g2N2
4pi
(25)
where g =
√
4piαdZ2. The central idea of [4, 5, 6, 7, 9, 10] based on the Born approximation
is that the transition rate can be enhanced substantially due to coherency of interactions
which is assumed to sustain over the large distance scale. The law σex ∝ N2 is expected
to hold true up to the crystal thicknesses N = L/a ∼ 105 − 106 in tungsten target. In
[10] the Born approximation for the coherent excitation of Σ+ in high-energy proton-crystal
interactions pγ → Σ+ has been assumed to be valid up to N ∼ 108. However, the account
of the initial and final state Coulomb interactions dramatically changes the dependence of
σex on N . For example, even in the diamond crystal
σex ∼ σBex
(
1− Nω
2
2Ω2
)
(26)
and ω2/2Ω2 ≃ 2β2µ2/Ω2 ∼ 1/20 (see [15] for more details). Thus, the Born approximation
becomes irrelevant already at N ∼> 10.
The evaluation of the transition amplitude on a chain of N identical atoms including all
the multi-photon t-channel exchanges reads
Fex(q) =
p
pi
∫
d2b exp(iqb)〈fBex exp(iχ)〉〈exp(iχ)〉N−1 (27)
The eq.(27) contains two bracketed factors. The first one corresponds to the nuclear exci-
tation amplitude in scattering on the atom bound in crystal. At small impact parameters,
b ∼< 1/2Ω,
〈fBex exp(iχ)〉 ≃ S(κ)
g
2pib
(σnb) sinh
(
1
2
Ω2b2
)
exp
(
−1
2
Ω2b2
)
. (28)
Because of both the multiple scattering effect and absorption only b≫ µ−1 may contribute
to Fex(q). In this region of impact parameters
〈fBex exp(iχ)〉 ≃ S(κ)
g
4pi
(σnb)λK1(λb) exp(iχ) exp
(
− ω
2
4Ω2
)
. (29)
The second factor in (27) describes the initial and final state interactions of the projectile
and has been calculated above. Then,
Fex(q) ≈ gp
2pi
S(κ)(σnq)
∫
∞
1/µ
bdbJ1(qb)
×λK1(λb) exp(iNχ) exp(−Nω2/4Ω2), (30)
6
where nq = q/|q|. The contribution of the domain q ∼< q0 = µ/ξ to the excitation cross
section can be neglected as far as Fex ∝ q for q ∼< q0 . If q ≫ q0 and ξ ≫ 1, the stationary
phase approximation gives the coherent excitation amplitude of the form
Fex(q) ≈ ipg(σnq)
2piβ
S(κ)
N
λ
µ
√
η exp (−δη)
× exp
(
−iqη
µ
)
exp
(
− q
2
4Ω2N
)
. (31)
We see that the helicity-flip dynamics removes the factor 1/q from the elastic amplitude
(16) thus making the UV-regularization of the excitation cross section indispensable. The
latter is evaluated as,
σex =
pi
p2
∫
dq2|Fex(q)|2
∼ g
2N1−δ
8pi
C log
(
N
δγ
)
, (32)
where C = γ∆∆2Γ(∆), γ = 2Ω2/β2µ2, ∆ = λ/µ and δ = ∆− 1 ∼ κ2/2µ2 ≪ 1. In (32) we
put simply S(κ) = N . Thus, the account of multiple scatterings and absorption turns the
Born approximation cross section σex ∝ N2 into σex ∝ N1−δ logN . In the limit of p → ∞
and δ → 0,
σex ∼ g
2N
8pi
γ log
(
N
γ
)
(33)
The dependence of σex on N differs from that of fully unitarized σel ∝ log2N . The reason
is that in σex we sum the eikonal diagrams to all orders in β but only to the first order in
g. Such a unitarization procedure is, of course, incomplete, but this is of no importance for
practical purposes since the smallness of d2Ω2 makes the next to leading order corrections
negligibly small up to N ∼ αZ21/δΩ2d2 ∼ 1012.
Acknowledgments: Thanks are due to N.N. Nikolaev for useful comments.
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